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Convex sets
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Convex combination: definition

Letm >1andletxq,...,x, € R,

Convex combination. A pointz € R" is a convex combination of x;,

..., Xm if there
are weights \1,..., \n € R such that

m m
z=Y "X\x, N>O0foreveryi, > N=1.
= i=1

Video: Dr. Will Wood, Convex sets: introduction, definition and examples.
NONNEGATIVE WEIGHTS

Every point enters with a weight that is at
least zero.

WEIGHTS SUM TO ONE

The coefficients form a weighted average of
the points.
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https://www.youtube.com/watch?v=oX_WK5co4HY

Linear, affine, conic, and convex combinations

Start from the coefficients, then impose restrictions

Forx1,...,xm € R, start from z = 3", \ix; with ); € R, then classify the combination by the

coefficient conditions.

Combination Coefficient condition Sum condition
Linear AieR none

Affine ANi€R 27:71 Ai=1
Conic A > 0 for every i none

Convex A > 0 for every i SrA=1

A convex combination satisfies ; A; = 1, as an affine combination does, and ; > 0, as a

conic combination does. For two distinct points x,y, A € R traces the full line through them,

while X € [0, 1] traces the joining segment.
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Cones and convex cones

Closed under nonnegative scaling, then also under addition

Aset C C R"is a cone if

xeC,a>0 = axec(,

X2
X+
and a convex cone if T e 4
-7 R2
- 1
x,yelC a,>0 = ax+pyecC Ve 1
1
1
B = 0 gives the cone property and « + 8 = 1 gives convexity; ! ax
conversely, in a cone that is convex, o + 3 = 0 forcesa =3 =0 X
and ax + By = 0 € C, while for a + 8 > 0 the point > Xq
(a+B) [O%ﬂx —+ a—fiﬁy} lies in C. So a convex cone contains every

conic combination of its points. R2 is a convex cone: the
coordinates of ax + By are sums of nonnegative numbers.
Further reading: Boyd and Vandenberghe, Convex Optimization, 82.1.5.
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https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf

-
The simplex is convex but is not a cone

A convex set that fails the scaling test

letA={xeR]:>/ xi=1}.Forx,y € Aand
A € [0, 1], the point Ax + (1 — A)y has nonnegative
coordinates and

S+ =AY) =A-T+(1=X)-1=1,
1
so A is convex. For any x € A, the coordinates of 2x
sumto 2,s02x ¢ A and Aisnotacone.Forn=3, Ais
the triangle with vertices (1,0,0), (0, 1,0), (0,0, 1); its
center x = (3,3, 3) liesin A, while 2x = (3, 3, 3) on the
same ray from the origin lies above it.
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A convex combination in R?

X2

/X
Z=M+(1-Ny

Figure 1 - A segment in R?,

X1

A convex combination of x and y is any point on the segment joining them.
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Convex combinations

Computing a convex combination
POINTS X3 = (0,21
x1 = (0,0), X2 =(2,0), x3 = (0,2). <
WEIGHTS
(M, A2,A3) =(0.2,0.3,0.5).
All three weights are nonnegative, and
Ng <= g -0y = 1.
CALCULATION x1 = (0,0) 'lez (2,0)
z =0.2x; + 0.3x, + 0.5x3

The shaded triangle is the set of all convex
=(06,1). combinations of x;, x>, x3. The red circle marks a
particular point z from them.
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Testing membership with a linear system

Solve for the weights, then check their signs

For x; =(0,0), x, = (2,0), and x3 = (0, 2), a target w = (w1, w>) is a convex combina-
tion of them when the system

T 1 1) | M 1
0 2 0 Ao | = [y
0 0 2 A3 wo

has a solution with Ay, A2, A3 > 0. For w = (0.6, 1), the solution is
(M, A2,A3) = (0.2,0.3,0.5),

so w belongs to the shaded triangle on the preceding page.
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S Convexses
Definition

Convex set. S C R”is convex if
Vx,y €S, VAe[0,1]: M+ (1-NyeSs.
¢ Equivalently, S contains the entire segment between any two of its points.

¢ Visually: every line segment joining two points of S stays inside S.

¢ Induction on the number of points extends the two-point condition to every convex
combination of finitely many points of S (exercise below).
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Negating the definition of convexity

Write the negation of the definition of a convex set. T
Then use the negated statement to show that s

S={(x1,x2) eRZ: x? + x5 > 1},

A I
/1

dh

the shaded region on and outside the unit circle, is
not convex.
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Negating the definition of convexity

A set S is not convex if
Ix,y €S, 3N e€[0,1] suchthat M+ (1— Ay ¢S.

Take s

x=(1,0, y=(-10, A=21.
2 y=(-1.0)

a
by

Both endpoints belong to S, while their midpoint is
(0,0), and 02 + 02 = 0 < 1. Thus the midpoint is
outside §, so S is not convex: the segment joining x
and y crosses the hole.
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From two points to finitely many

Let C C R"” be convex. Show that for everym > 1, all x4,...,xy € C, and all weights
N> 0with 7, A =1,

m
Z AiXj € C.
i=1

Hint: induction on m.
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From two points to finitely many

For m = 1 the weight is A, = 1 and the combination is x;; for m = 2 the claim is the definition.
Let m > 3 and assume the claim for m — 1 points. If A, = 1, the combination equals xpm.
Otherwise =1 —Am = 3_,_, A > 0, and the weights )i/ (i < m) are nonnegative and sum to
one, so \
z=Y "ZxeC
i<m H

by the induction hypothesis. Finally
m
S ONX = pz 4 AmXm, gt An=1, g m >0,
i=1

which lies in C by the two-point condition.
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Extreme points cannot be decomposed inside the set

Extreme points

A point x € Cis extreme if
x=X+0-XNz, y,zeC, Xe(0,1)

impliesy =z = x.
For noncollinear a, b, ¢, the three vertices of

C = conv{a, b, c} are extreme. The midpoint a b

_ 1 1hi
m = 3a+ 3bis not.

Brush up (UAB) September 2026
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Convex hull: generating a convex set from a non-convex set

Convex hull of a set

For ACR”,

conv(A) = { Sy A :m =1, xi €A, A 20, 2 4 =1} convt)

Equivalently, conv(A) is the smallest convex set

containing A. A finite set A (dots) and the shaded
conv(A).

Further reading: Boyd and Vandenberghe, convex-set slides.
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https://web.stanford.edu/~boyd/cvxbook/bv_cvxslides.pdf

-
How many points a convex combination needs

Carathéodory’s theorem and the extreme points of a compact convex set

Carathéodory. If A C R", every x € conv(A) is a convex combination of at most n + 1 points of

A.
Write x = "1, Aix; with all \; > 0and m > n+ 2. The m — 1 > n+ 1 vectors x; — xp are linearly
dependent, so there are p1, ..., um, With °, 4; = 0 and some y; > 0, such that 3=, u;x; = 0.

Then x = ",(A\ — tw;)x; for every t, and the new weights still sum to one. Increase t from 0 until
the first weight reaches zero, at t* = min{);/y; : p; > 0}: all weights stay nonnegative and at
least one vanishes, so x uses m — 1 points. Repeat untilm < n+ 1.

Extreme points. A compact convex set C C R” is the convex hull of its extreme points
(Minkowski; the Krein-Milman theorem in finite dimension).

Further reading: Bertsekas, Convex Optimization Theory, Prop. 1.2.1 and Exercise 2.2; MIT 6.253, Lecture 3.
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https://web.mit.edu/dimitrib/www/Convex_Theory_Entire_Book.pdf
https://ocw.mit.edu/courses/6-253-convex-analysis-and-optimization-spring-2012/6c63c6219c60378bc27d5b4a9167f1bc_MIT6_253S12_lec_comp.pdf

|
Three of four vertices suffice in the plane

Carathéodory in R?

Let x; = (0,0), x2 = (4,0), x3 = (4,3), x4 = (0,2) and

w = (1,1.5) € conv{x1,X2,X3,Xs}. By Carathéodory, w is a
convex combination of at most three vertices. The
diagonal x;x3 splits the quadrilateral into two triangles,
and w lies in x1x3x4. Solving

AX7 + A3X3 + AaXxg = W, M+ A3+ =1

as on the membership page gives (A, A3, \1) = (3. 7. 3)-

With all four vertices the weights are no longer unique:
also w = 0.225x7 + 0.1x, + 0.15x3 + 0.525x4.
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Budget set

Convexity of a budget set

Let p1,p2,m > 0 and

X2
BZ{XGR_ZFZP1X1 + paxa < m}. m/ps
Take any x,y € Band A € [0, 1]. Since x,y > 0, IX ISR T
M+ (1 —X)y > 0. Also, B
> X
p-(MX+(T=Ay) = x+(1-Np-y ! mipy
<Am+ (1 - /\)m =m. The budget line meets the axes at m/p, and

. : Bis the shaded triangle.
Therefore Ax + (1 — \)y € B, so B is convex. P IS
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Convex & non-convex sets

o A (£ &

(a) convex (b) convex (c) not convex (d) not convex
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Basic properties

¢ Arbitrary intersections of convex sets are convex.

¢ Linear combinations of convex sets are convex: if S, T are convex and o, 8 € R,
then aS + T = {ax+ By : x €S,y € T} is convex.

¢ Unions of convex sets need not be convex.

Brush up (UAB) September 2026 22/139



S convexses |
Intersections

Let 5 X251 NS; = Ri

Sy ={x€eR":x; =0}, Ty

Sy ={xeR*:x; > 0}. S2
A point belongs to Sy N S, precisely

. 3y X
when both coordinates are 7
nonnegative. Therefore S
S$1NS = Ri,
The hatched first quadrant marks the points

which is convex. satisfying both inequalities.

Video: Stanford EE364A, Lecture 2: convex sets and operations that preserve convexity.
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https://www.youtube.com/watch?v=P3W_wFZ2kUo

|
Intersections of convex sets

Let {S; : i € I} be a collection of convex subsets of R". Prove directly from the defini-

tion that
s
iel

is convex.
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Intersections of convex sets

Ifx,y € Mg, Siand t € [0,1], then x,y € S; for every i € I. Convexity of each S; gives
tx+(1-tyes, for everyiel
Hence
tx+(1-tlye()S
iel
so the intersection is convex.
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A linear system and its solution set

Let

(110 L _ 3 4.
A_lo 1 1], b_L], S={xeR>:Ax=b}.

Solve Ax = b, describe S, and prove directly that S is convex. Then, for matrices
A € RN, C ¢ R*" and vectors b € R7, d € R, prove that

P={xeR":Ax<b, Cx=d}

is convex, where Ax < b holds coordinate by coordinate.
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A linear system and its solution set

The equations are x; +x, = 1 and xo + x3 = 1. Setting x, = t gives

1 =q
sz{H +t[1 ] :teR}:x0+kerA,
1 =q

a line through the particular solution x° = (1,0, 1) in the direction of the null space of A. Since A0 = 0 # b,
0 ¢ S: the solution set is a subspace only when b = 0. If x,y € Sand X € [0, 1], then

A+ (1 =2)y) = Mx+ (1 = XNAy =Xb+ (1 = A)b=b.
Hence Ax + (1 — A)y € S, so Sis convex. The computation never used XA € [0, 1]: for every real X the point

stays in S, so S contains the whole line through any two of its points (an affine set, two pages ahead). If the
system has no solution, S = @, which is convex since there is no pair x, y to test.
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A linear system and its solution set

For P={x:Ax < b, Cx = d}, take x,y € P and X € [0, 1]. Multiplying a coordinatewise
inequality by A > 0 or by 1 — X\ > 0 preserves it, so

A+ (T=A)y) = Mx+ (1 = XNAy < b+ (1 -X)b=b,
and the equality rows give
CMX+(1=A)y)=Xd+(1-N)d=d.

Hence Ax + (1 — \)y € P, so P is convex. The budget set and the set T of the resource
exercise are instances with one inequality row each.
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Affine sets, hyperplanes, and halfspaces

Whole lines, one plane, one side of a plane

AsetS C R is affine if
XYES, AeER = M+(1-A)yesS: X2

it contains the whole line through any two of its points. Convexity \ a
asks the same only for A € [0, 1], so every affine set is convex.
Fora # 0and b € R, the hyperplane H = {x : a - x = b} is affine: a-x=»>b
a-(M+ (1 =Xy)=Xb+(1—X)b=bforeveryreal \. The
halfspace {x : a - x < b} is convex by the same computation with a-x<b

X € [0, 1], which keeps the inequality. _ N
The solution set {x : Ax = b} of the preceding exercise is an
intersection of hyperplanes, hence affine; {x : Ax < b, Cx = d} is an
intersection of halfspaces and hyperplanes, hence convex.

Further reading: Boyd and Vandenberghe, 882.1.2, 2.2.1, 2.2.4.
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https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf

Affine images and preimages

Convexity survives an affine map in both directions

Let T(x) = Ax + b withA € R™*" and b € R™.

¢ If S CR"is convey, its image T(S) = {Ax + b : x € S} is convex.

¢ If D C R™is convex, its preimage T~'(D) = {x € R" : Ax + b € D} is convex.
Both follow from one identity, valid for all x,y and X € [0, 1]:

A(AX + B) + (1 = A)(Ay + b) = A + (1 — A)y) +b.

If x,y € S, therightsideis T of a point of S. If Ax + b, Ay + b € D, the left side liesin D, so
M4+ (1 =Ny eT (D).

The basic property aS + BT convex is the image of the convex set S x T under (x,y) — ax + 8y;
the polyhedron {x : Ax < b} is the preimage of R” under x — Ax — b.

Further reading: Boyd and Vandenberghe, §82.3.2.
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https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf

S convexses |
Unions need not be convex

Take two convex intervals:

A=[-2,-1, B=[1,2].
A O¢AUE B Their union contains —1 and 1, but it
T e———— K e——) X does not contain their midpoint:
-2 -1 0 1 2
“1,1€AUB, _g+1:O¢AUB

Hence AU B is not convex.
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A resource set and two subsets

Let
T={(x,y) e R?: 2x +y < 6}, C=1{(0,0),(3,0)} cT.
(@) Prove directly from the definition that T is convex.
(b) Determine whether TN C and T U C are convex. Justify both answers.
(c) Give a convex subset D C T, with at least two points, for which both TnDand TuU D are
convex.
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S convexses |
A resource set and two subsets

Ifu,veTandte|[0,1], then
2(tur + (1 —tvq) + tuz + (1 — t)vo = t(2ur + Uz) + (1 — t)(2v1 + ;) < 6.
Thustu+ (1 —t)v € T,so T is convex. Since C C T,
TNnC=C(, TUC=T.

The set C is not convex because (3/2,0) ¢ C, although it is the midpoint of (0,0) and
(3,0). Hence T n Cis not convex, while T U C is convex. One valid choice in part (c) is
D={(x,0):0<x<3}thenTnD=DandTuD=T.
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Production sets and the profit function

Production plans and profit

A production set Y C R” contains feasible netput vectors, with positive coordinates for out-
puts and negative coordinates for inputs. If Y is convex, mixtures of feasible production plans
remain feasible.
m(p) =supp-y, peRL
yey

As a supremum of linear functions of p, 7 is convex wherever it is finite. Convexity of Y in-
stead concerns feasible mixtures.
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Profit function

Support function

Let
o] [-1] [-2 1 Y2
= = *=(-2,3
(1 M 5 B R
p-y=4 3¢
The linear payoff at the three vertices is RRE
p.[g}:q p.{_zqzi p.[_?’z]:4. YR c T~
(_172) N\‘\
Ify =37, Ay € Y, then linearity gives Toa 17/‘* (1.2)
Tl p=(1,
py=3 N(p-y) < maxp-y; = 4. ”
’. i n \‘\
Hence P 1 ST
-2
w(p) =supp-y =4, *:{ } g L .
(p) erp y y 3 The level line p -y = 4 supports Y aty*.
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Disjoint compact and closed convex sets can be strictly separated

Separating hyperplanes

If A ¢ R" is nonempty, compact, and convex, and B ¢ R” is nonempty, closed, and convex,
with AN B = g, then there exist p # 0 and « < 3 such that

p-a<a<B<p-b VaecA VbeB.

Every level set {x : p-x =t} with t € («, 8) is a separating hyperplane. The normal p gives the
direction in which the two sets are ordered.

For the discs centered at (—2,0) and (2, 0), both of radius p-x=0
one, p = (1,0) gives supyepp-a=—1<1=infyepgp- b, so
p - x = 0 separates them. e — e x

Video: Constantine Caramanis, Separating hyperplanes.

Brush up (UAB) September 2026 36/139


https://www.youtube.com/watch?v=bzIQ6hoHIps

|
Every boundary point of a closed convex set has a support

Supporting hyperplanes

Let C c R” be nonempty, closed, and convex, and let x* € 9C. There exists p # 0 such that
p-x<p-x* vx € C.

The hyperplane p - x = p - x* supports C at x*: it contains the boundary point and keeps the
entire convex set in one closed half-space.
For the unit disc, x* = (1,0) and p = (1, 0) give the supporting linep - x = 1.

p-x=1
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Section 2

Convex & concave functions
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Definitions via convex combinations

Let S C R" be convex and f : S — R. Then the function f is

Convex. f(M+ (1 —=XAy) < M)+ (1-=X)f(y) forallx,y € Sand X € [0,1].

Concave. f(Ax+ (1 —=X)y) > M)+ (1 —Nf(y) forallx,y € Sand X € [0,1].

Strict convexity or concavity replaces the weak inequality by a strict one when x £y and X € (0, 1).

Here, convex and concave functions are defined only on convex domains. (Things are different in
discrete convex analysis, which develops alternative notions of convexity for discrete domains.)

Video: Arizona Math Camp, Concave and convex functions.
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https://www.youtube.com/watch?v=s0dZVmPN3Ww

. convexAconcavefunciions |
Chord above, chord on, chord below

\
I4

\
I4

\

convex

~N

Figure 3 - Secants of three graphs.

affine

>

concave

The dashed secant lies above the convex graph, on the affine graph, and below the concave graph.
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Degree-one homogeneity rules out strict concavity

Homogeneity of degree one is incompatible with strict concavity

Let D be a convex cone containing a nonzero x, and let f : D — R be homogeneous of degree
one. Choose y = 2x. Then x # y, while

#(5e+ ) =1(3x) = 300,
00+ 5£0) = 2£00 + 3£(2X) = SfC0).

The two sides of the strict-concavity inequality are therefore equal for two distinct points,
so strict concavity fails. A degree-one homogeneous function on a nontrivial convex cone is
therefore never strictly concave. The same calculation rules out strict convexity.

Source: Sydseeter et al., Further Mathematics for Economic Analysis, 2nd ed., §2.3, Problem 6(c); the x, 2x
argument follows the Student’'s Manual solution to that problem.
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https://www.pearson.com/en-gb/subject-catalog/p/Sydsaeter-Further-Mathematics-for-Economic-Analysis-2nd-Edition/P200000005529?view=educator

|
Convexity from the definition

Let f(x) = x2. To verify convexity, compute
M4 (1 =AY — (M + (1= Ay)?
= A1 =2)x2 =201 = A)xy + A1 = A)y?
=M1 = Nx-y)?=>0.

Therefore
(X + (1= NY) < A2+ (1= Ay

If x #y and X € (0, 1), the inequality is strict. Hence x? is strictly convex.

Brush up (UAB) September 2026 42/139



Concavity from the definition

Let f(x) = vxon [0,00). Forx,y > 0and A € [0,1],
MA (1= A) = (WX + (1= A)VF)E = A1 = A)x = 2X(1 = )&V + A1 — Ay
A1 =N (VX - )’ =0
Both /Ax + (T — A)y and A\v/x + (1 — \)/¥ are nonnegative and t — /t is increasing, so
VM (T =Ny = W+ (1T -0V

If x £y and X\ € (0,1), the difference above is positive and the inequality is strict. Hence /x
is strictly concave: x? bends upward, its inverse /x bends downward.
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Exponential and logarithm

-2 —1 1 2
In x is strictly concave on (0, oo): every chord lies below the graph.
e is strictly convex: every chord lies above the graph. ! 4 (0.00) v srap

The two graphs are reflections of each other in the line y = x. The second-order test of the fourth
section turns (¢)” = & > 0 and (Inx)” = —1/x?> < 0 into these two statements; the exercise on
weighted arithmetic and geometric means below uses the concavity of In.
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Affine functions: boundary case

Letf(x) =a'x+ b. Then

FOx+(1=Ay)=a" (Mx+(1=Ny)+b
=Xa'x+(1=Na'y+b
= M)+ (1 = Nf ().

The convexity inequality and the concavity inequality both hold with equality.
Conversely, if f : R” — R is both convex and concave, the two inequalities force equality for every x,y

and X € [0,1]. For g = f — f(0), this equality gives g(x +y) = g(x) + g(y) and g(tx) = tg(x) for every
t € R; hence g(x) = a'x and f is affine.

Thus a function is affine if and only if it is both convex and concave.

In particular, when b = 0, f(x) = a” x is linear; hence every linear function is both convex and concave.
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. Convex&concavefunctions
Sums and affine substitutions

Let S C R" be convex.

Nonnegative sums. Iff;,...,fn : S — Rareconvexanday,...,am > 0, then }, a/f;
is convex. With concave f;, the sum is concave.

Affine substitution. If f is convex on a convex D C R™, then g(x) = f(Ax+b) is convex
on {x € R": Ax + b € D}. With concave f, g is concave.

For the sum, apply each convexity inequality and use ¢; > O:
Do aifix 4+ (1=Ay) <D ai[Mi() + (1= M) = 2D afi(x) + (1= A) > afiy).
i i i i
For the substitution, A(Ax + (1 = A)y) + b = AAX + b) + (1 = A)(Ay + b), sog(Ax + (1 = A)y) < A8(x) + (1 = N)gy). A
negative weight reverses the inequality: f is convex iff —f is concave.

Further reading: Boyd and Vandenberghe, Convex Optimization, 883.2.1, 3.2.2.
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https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf

Convexity without a Hessian

Let
fx1,x2) = (1 + X2 — 1) + (21 — X2)%.

Show that f is convex on R? using only the convexity of t — t2, the affine substitution
rule, and the sum rule. Then decide whether g(xq,x3) = (X1 + X2 — 1) — (2x1 — x3)? is
convex.
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Convexity without a Hessian

The maps x — x; +x, — 1 and x — 2x; — x, are affine and t — t2 is convex, so both
squares are convex functions of x by the affine substitution rule. Their sum, with
weights 1,1 > 0, is convex by the sum rule. The Hessian test of the second-order

-1 2
For g, the second square enters with weight —1, so the sum rule gives no conclusion.
Alongx; =x, =t, g = (2t — 1)> —t? = 3t> — 4t + 1 is convex in t; along x; = —x; = t,
g =1 - 9¢t%is concave in t. By the affine substitution rule a convex g would be convex
along every line, so g is neither convex nor concave.

section gives the same answer, with Hy = 2 l > _1] .
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Jensen's inequality

Let S C R” be convex andf : S — R convex. For xq,...,xm € Sand \; > Owith >~ \; =1,

f(Z >\iXi> <Y M)
i=1 i=1

For a concave function, the inequality is reversed.

If f is strictly convex, every )\; > 0, and the points x; are not all equal, the inequality is strict. Induction
on m: write Y, \ix; = Mx1 + (1 — A1)z with z the weighted average of X, ..., xm; if X1 # z the two-point
inequality is strict, and if x; = z the points xz, ..., xm cannot all be equal, so the claim for m — 1 points
applies to them. The concave case is symmetric.

Video: MIT OpenCourseWare, Jensen’s inequality.
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Jensen for random vectors

From finite mixtures to expectations

If X takes values in S, the expectations below exist, and E[X] € S, then
FEKX]) <E[f(X)]

for convex f, with the reverse inequality for concave f.
Further reading: Boyd and Vandenberghe, Jensen’s inequality.

Video: Stanford EE364A, Lecture 3: convex functions, Hessian tests, epigraphs and Jensen'’s inequality.
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Jensen inequality

Jensen's inequality for a two-point distribution

Let f(x) = x? and let X take values 1 and 3 with probability 1/2 each.

FUNCTION AT THE MEAN MEAN OF THE FUNCTION
]E[X]Zz-1+§.3:2, EV(X)]:if(1)+§(3)
1 1
fEX]) =£(2) =4 :§.1+§.9
=5

Hence f(E[X]) = 4 < 5 = E[f(X)].
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Lower and upper contour sets

Let S C R" be convex, f : S — R, and ¢ € R. The lower
and upper contour sets of f at level c are

Li(c) ={x € S:f(x) <c}, Ur()={xeS:f(x) >}

the level set of the Functions section is L¢(c) N Ug(¢).

7\/6 LXZ (C) \/E

Contour sets. f convex = every L¢(c) is convex;
Le(c) = [—+/c,~/c]is an interval.

f concave = every Ug(c) is convex.
Forx,y € Le(€): f(M 4+ (1T = A)y) S M)+ (1 =Nf(y) <c

The converse fails: x> has the interval (—oo, ¢'/3] as every lower contour set, yet it is not convex on R.
The quasiconvexity section starts from this weaker property.
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Epigraph & hypograph

Epigraph and hypograph tests

Epigraph. Hypograph.
epif ={(x,t) eSxR:t>f(x)}. hypof = {(x,t) e SxR: t < f(x)}.
epif T
\‘ﬁ/ c : hypog >
epif for f(x) = x°. hypog for g(x) = 2 — 0.8x>.

For convex SCR"andf:S — R:
f convex < epif convex, f concave < hypof convex.

Function convexity is convexity of the epigraph, a set one dimension higher; since f is convex
iff —f is concave, the two statements are mirror images.
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Epigraph of x?

Apply the epigraph test

Describe epif for f(x) = x2, and verify directly that it is a convex subset of R?, as the
epigraph test predicts for a convex f.
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Epigraph of x?

The region above the parabola

epif = {(x,5) € R? : s > x?}.
Take (x1,51), (X2,52) in this set and t € [0, 1]. Since s; > x? and x? is convex,
tsi+(1—1)s3 > 6+ (1 -3 > (txg + (1 - )x2)°,

so the convex combination of the two points again lies above the parabola. The
epigraph is convex, in agreement with the epigraph test.
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Convex functions and Jensen's inequality

(a) Use the definition to show that f(x) = |x| is convex on R.
(b) Use Jensen's inequality to prove

Cor

When does equality hold?
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Convex functions and Jensen's inequality

The triangle inequality gives
x+ (1 -ty <tix[+ (1 -0y, 0<t<T,

which is the convexity inequality for |x|. For g(z) = 22, Jensen with weights 1, I gives
the requested inequality; equivalently,

X 4y? Xty (x—y)?
2 _(2)_ 7 29

with equality exactly when x = y.
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Pointwise suprema and infima

The largest of a family of convex functions is convex

Let S C R" be convex and let fy : S — R be convex for every 6 in
an index set ©. If

&(x) = sup fo(x)
0o
is finite on S, then g is convex. For each 6, Ix|

Jox+ (1 =A)y) < Mo(x) + (1 = Mfo(y) < Ag(x) + (1 = X)), - !

and taking the supremum over 6 on the left gives the convexity o° S~
inequality for g. With concave fy, the pointwise infimum is -7 s
concave where finite.

|| = max{x, —x} is the maximum of two affine functions, hence

convex, though it has no derivative at 0. The same rule is behind

the profit function of the convex-sets section (next page).

Further reading: Boyd and Vandenberghe, 83.2.3.
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. Convex&concavefunctions
Maxima of affine functions

A piecewise linear convex function and the profit function

f(x1,x2) = max{xq,x32,0} is the pointwise maximum of the three affine functions x — xi,

X — X2, X — 0, hence convex on R?. Its graph consists of three planar pieces meeting along
theraysx; = x; > 0,x; = 0 > x5, and x; = 0 > xy, where f has no gradient. A Hessian test
says nothing here; the supremum rule settles convexity at once.

For a production set Y C R”, the profit function

m(p) =supp -y
yey

is the supremum over y € Y of the linear functions p — p - y. By the rule, 7 is convex on the set

of prices where it is finite, whatever the shape of ¥; this is the claim made on the production
sets page.
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Minimizing out a variable

Partial minimization of a jointly convex function

Let C C R” x R™ be convex and letf : C — R be convex in (x,y) jointly. Write Cx = {y : (x,y) € C} and
suppose
&(x) = inf f(x.y)
yel

is finite for every x in X = {x : (x # o}, the image of C under (x,y) — x. Then g is convex on the convex
setX. Take x1,x, € X, X € [0,1],and e > 0. Choose y; € Gy, with f(x;,y;) < g(x;) + €. Convexity of C puts
A1 Y1) + (1 = A)(x2,¥2) IN €, 50 A1 + (1 = A)y2 € Oy (1-a)x, and

g + (1 =2)x2) <F(ACa,y1) + (1= X)(x2,¥2)) < M(x1,01) + (1= Af (x2,¥2) < A80a) + (1 - N)glxe) +¢.

Letting e | O gives the convexity inequality; for a jointly concave f, the supremum over y is concave. With-
out joint convexity a pointwise infimum of convex functions need not be convex: see the double well on
the convexification page. Further reading: Boyd and Vandenberghe, §3.2.5.
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|
Composition rules

Curvature and monotonicity of the outer function

Letg:S— Ronaconvex§$, andleth:/— Ronaninterval | D g(5).

Outer h Innerg  Compositehog

convex, nondecreasing convex convex
convex, nonincreasing concave  convex
concave, nondecreasing concave concave
concave, nonincreasing  convex concave

First row: g(Ax + (1 — A)y) < A8(x) + (1 — A)g(y) and h nondecreasing give

h(g(Ax + (1 = A)y)) < h(Ag(x) + (1 — X)g(y)) < Ah(g(x)) + (1 — A)h(g(y)), the second step by convexity of h;
the point A\g(x) + (1 — A)g(y) lies in I because / is an interval. The other rows reverse one or both inequalities.
Monotonicity alone is too weak: g(x) = x is concave and h = exp is increasing, yet e* is strictly convex, so it
is not concave; row three also needs h concave. The quasiconcavity section shows what an increasing h
does preserve.

Further reading: Boyd and Vandenberghe, 83.2.4.
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The perspective of a convex function

Scaling a convex function into a degree-one homogeneous one

Forf : R"” — R, the perspective is
gx,t) =tf(x/t), x€eR", t>0.
It is homogeneous of degree one in (x,t) and convex whenever f is: for (xq1,t1), (X2,t2), A € [0, 1], and
T:)\ﬁ +(1 —)\)tz > 0,
>\X1+(1—)\)X27>\jxi1 (1—)\)1'2)2
T TT o4 T 6
is a convex combination of x1 /t; and X, /t,, so convexity of f and multiplication by T give

&1 + (1 =X)x2, T) S Atif(xq/t1) + (1 — Ntaof (x2/t2) = Ag(x1,t1) + (1 — M)g(x2, &2).

With concave f, g is concave. Example: f(x) = x2 gives g(x, t) = x%/t, convex on R x (0, oc).
Further reading: Boyd and Vandenberghe, 83.2.6.
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. Convex&concavefunctions
Randomization and cost

Randomization produces convex costs

Let C(i) be the minimum cost of producing distribution p, assume the minima are
attained, and suppose randomization across procedures is feasible.

Randomizing between procedures that minimize cost for x and v with probabilities
aand 1 — a produces au + (1 — a)v at expected cost aC(u) + (1 — «)C(v). Hence:

Clap+ (1 —a)v) <al(p) + (1 — a)C(v).

Randomization produces the convexity inequality for C by mixing procedures.
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. convex&concavefunctions |
Finite randomization convexifies feasible outcomes and costs

General convexification

If deterministic procedures generate outcomes in A, finite
randomization generates every point in conv(A). For a
deterministic cost ¢ : A — R that is bounded below, the
infimum expected cost of generating x € conv(A) is

A = inf{z;’; NC(X;) :m>1, x; €A, A >0, O X
m m 4 4
ray=1 i1 AiX; :x}.
E’_1 ! ’ Z'_1 o Dashed: the convex envelope of the dou-

q q 5 _1y2
This convex envelope is the largest convex function on ble We”;' the smaller of (x — )" and
3

a)”

conv(A) that does not exceed c on A. x—
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The concave envelope is the smallest concave majorant

Concave envelopes

Let D C R” be convex and letv : D — R be bounded
above. Its smallest concave majorant is

cavVv(x) = sup Z AV(X;).
m>1, x;,€D, A\i=0
oA=L 30 AiXi=x

On D = [0, 1], let v(x) = x2. The affine function
h(x) = x majorizes v. If g is any concave majorant of
v, then

&() = (1 —x)8(0) + xg(1) = x = h(x).

Hence cavv = h, so cavv(x) = x.
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. Convex&concavefunctions
Restriction to a line

Convexity in R” is convexity along every line

LetS C R" be convexandf : S — R. Then f is convex iff for every x € Sand v € R" the function of one
variable
o) =f(x+tv), te{teR:x+tveS}

is convex on its domain, which is an interval.

If f is convex, ¢ is convex by the affine substitution rule. Conversely, given x,y € Sand A € [0, 1], take
v =y — x: the domain of ¢ contains [0, 1], and

FO+ A =x) = @((1 = 2)- 04 A-1) < (1= )(0) + Xp(1) = (1 = N () + M(Y)-

For twice differentiable f, the chain rule gives ¢’ (t) = vTHf(x + tv) v; the next two sections turn this into the
gradient and Hessian tests, one direction v at a time.
Further reading: Boyd and Vandenberghe, 83.1.1.

Brush up (UAB) September 2026 66/139


https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf

Section 3

First-order characterizations
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. Fistordercharacterizatins
First-order characterization in R”

Let S C R" be open and convex, and letf : S — R be differentiable. Then

Convex iff.

fO)=fxX)+Vfx)"(y—x) WxyeS.

Concave iff.

fO)<FE)+ V) (y —x)  Wxyes.

For n = 1, these are the familiar tangent-line inequalities.

Video: Mike, the Mathematician, First Order Conditions for Convexity.
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|
Gradient monotonicity

From two tangent inequalities to one inner product

LetS C R" be open and convex, and letf : S — R be differentiable and convex.
Prove that

(VF(X) - Vf()) (x—y) =0 forallx,yeS.
Specialize the result to f(z) = 3zTAzon R", where A= AT.
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Gradient monotonicity

Add the two convexity inequalities

Convexity gives
fO) = f)+ V)T =x), ) >F0)+ V) (x—).
Adding and rearranging yields
(VF(x) = Vf() (x—y) > 0.

Forf(z) = %zTAz, Vf(z) = Az sotheinequalityis (x — y) "A(x — y) > 0.Since x — y can
be any h € R", thisis hTAh > 0 for every h, which is the condition A > 0. In one variable,
(f'(x) = f'(¥))(x —y) > 0: the derivative of a differentiable convex function is nondecreasing.
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First-order characterization: supporting tangent planes

For a convex function

f(u,v) = %(u2 +vh,  x=(1,0),
we have f(X) = 1 and Vf(x) = (1,0)". The
tangent plane is

L(u.v) =f(0) + V()T [“ !
Moreover,

flu,v) —L(u,v) = %((u — 1) +v%) >0.
Thus, for convex f, every tangent plane

supports the graph from below. For
concave f, every tangent plane supports Blue: the graph z = f(u, v). Red: the tangent plane z = u — } at X (dot).

the graph from above. The graph of a convex function lies above its tangent plane.

= U —
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Tangent test

CONVEX FUNCTION For f(x) = x? at xo = 1, the CONCAVE FUNCTION For g(x) = Inx at xo = 1, the

tangent line is tangent line is

)+ Mx=1=1+2(x—-1)=2x-1. gM+gMx-1)=x-1.

The graph stays above it: Concavity gives the global upper bound
x2—(2x—1)=(x—-1)>>0. Ihx<x—-1, x>0
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Subgradients & supergradients

CONVEX: SUPPORTING LINES BELOW CONCAVE: SUPPORTING LINES ABOVE

g€ on(Q)

h(t) =

ft) =2 +1d }
g € 0f(0) /

| t

First-order bounds without differentiability

—2 — |t

Let S C R"” be open and convex, x € S,andf : S — R.
Subdifferential for convex f. Superdifferential for concave f.

of()={g €R":f(y) 2 f(X) +&" (v —X), 0 f()={g €R":f(y) < f(X) +&" (v —X),

vy € S}. vy € S}

If f is differentiable at x. 9f(x) = {Vf(x)} (convex), d"f(x) = {Vf(x)} (concave).

Video: Kiet, Understanding Subgradients Using Examples.
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Subgradients of the absolute value function

Subdifferential of |x|

Let f(x) = |x].
(@) Find of(0).
(b) Find of (x) for x > 0 and for x < 0.
(c) For each g € 9f(0), write the corresponding global affine lower bound.
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Subgradients of the absolute value function

A whole interval of slopes at the kink

At 0, a number g is a subgradient exactly when
ly| > gy for every y € R.
Positive y requires g < 1, while negative y requires g > —1. Hence

{1}, x>0,

0f(0) = [-1,1], 8f(X):{{_1}7 e

Each g € [-1, 1] gives the global lower bound |y| > gy.
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Section 4

Second-order characterizations
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. secondordercharacterizatins
Second-order testin 1D

Let SC R be an openinterval and let f : S — R be twice differentiable:

Weak inequalities. Strict inequalities.
f">0o0nS < fconvexons§, f’">00nS = f strictly convex on S,
f"<0onS < fconcaveonS. f”<0onS = f strictly concave on S.

Note the directions of implications. The weak inequalities characterize convexity and con-
cavity. The strict inequalities are sufficient but not necessary conditions.

Video: Joydeep Dutta, Twice differentiable convex functions.

Brush up (UAB) September 2026 7771139


https://www.youtube.com/watch?v=APlMqL7ViXA
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Strict convexity with zero curvature at one point

THE CURVATURE TEST IS ONE-WAY

Verify the definition. Fixx #y and X € (0, 1), and set f)=x4 i) =433, f(x)=12x%
m=Xx+(1—-2X\)y.Then
At the origin,
M+ (T=A2=m?=X1=Nx—-y)?>0. f(0) = 0.
Hence
f" > 0 everywhere = strict convexity,
m* < (MW +(1 - )\)yz)2 <M (1= a4 but the reverse implication fails.

where the second inequality follows from
M1 =A% —y?)? >0.

Thus f(m) < Af(x) + (1 = Mf(y): f(x) = x*is strictly
convex by definition.
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A strictly concave quadratic

Curvature and the global maximizer

Let

fx)=10x—x*  x>0.
Solving f’'(x) = 0 gives
10-2x=0 = x"=5.

Because f"(x) = —2 < 0, the function is strictly
concave on R;. Thus x* = 5 is the unique
global maximizer, with

f(5)=10-5—5%=25.
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The domain is part of the statement

CURVATURE CAN CHANGE ACROSS REGIONS
For f(x) = x3 we getf”(x) = 6x, so

f is strictly convex on (0, o), strictly
concave on (—oo, 0), and neither on R,
where f" changes sign.

strictly convex
21 on (0, c0)
’I 1
-2 -1
1 2
strictly concave
on (—o0,0)

Brush up (UAB)

X

THE NATURAL DOMAIN CAN FAIL TO BE CONVEX
For f(x) = 1/x we get f”(x) = 2/x3, pos-
itive on (0, o0) and negative on (—oo, 0).
Its natural domain skips the midpoint:
—-1,1 € R\ {0} while =51 =0 ¢ R\ {0}.

Domain rule. Convexity and concavity are
stated on a convex domain. For f(x) = 1/x,
use the two separate intervals: strict concavity
on (—oo, 0) and strict convexity on (0, co).

September 2026

80/139



-
Weighted arithmetic and geometric means

Letx,y > 0and 0 < X < 1. Use differentiation and Jensen’s inequality to prove
XAy <O+ (1= Wy

Determine when equality holds.
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Weighted arithmetic and geometric means

For g(t) =Int,
/! 1

so g is strictly concave. Jensen’s inequality gives
In(AX + (1= A)y) = Alnx+ (1= A)Iny = In(x}y" ).

Applying the increasing function exp proves the inequality. Since0 < A < 1 and In is
strictly concave, equality holds exactly when x = y.
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From Taylor curvature to a matrix sign test

In one variable the criterion is the sign of the number f”(x). In R” the second derivative is
the Hessian matrix Hg(x), and the second-order expansion from Differentiation says what its

sign has to mean:
flx+h) —f(x) = Vf(x)"h+ %hTHf(X)h +o(|[hl?).

The second-order termis
Q«(h) := hTHf(x)h,

a quadratic form whose representing matrix is the Hessian.

So the n-dimensional analogue of f”(x) > 0 is a statement about the sign of
Qx(h) across directions h, which is what the matrix tests below decide.

Video: Ketan Rajawat, First and second order conditions for convexity.

Brush up (UAB) September 2026 83/139


https://www.youtube.com/watch?v=GTLhkhJw78U

|
Hessian signs across a domain

This section uses the Hessian to classify curvature across a domain.

Hessian criterion on a domain. LetS C R” be open and convex, andletf:S — R
be twice differentiable. Then

fisconvexonS « hTHg(x)h >0 foreveryxeSandheR",

and
fisconcaveonS < h'Hi(x)h <0 foreveryx e SandheR".
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. secondordercharacterizatins
Definiteness

For a twice differentiable function, second-order change in a direction h is governed by
hTH(x)h. A quadratic form on R” can be written Q(x) = x ' Ax; take A = AT because only
the symmetric part affects x T Ax.

Positive definite Positive semidefinite
xTAx > 0 for all x # 0. xTAx > 0 for all x.
Negative definite Negative semidefinite
xTAx < 0 for all x # 0. xTAx < 0 for all x.

Indefinite

xTAx > 0 > yTAy for some x, y.

An indefinite form is positive in some directions and negative in others.
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Covariance matrices and portfolio variance

Every covariance matrix is positive A DEPENDENT PAIR If X = (Z,22), then
semidefinite. Let ¥ = Cov(X). For every
aeRr”, 12
> = Var(Z 5
ar(2) [2 4]

a'Ta=Var(a'X) > 0.

Fora=(2,-1)" #0,
Hence X » 0. It is positive definite exactly

when a'X=0, a'a=0.
Var(@'X) >0  foreverya #0. This nonzero linear combination has zero

variance, so ¥ = 0 but & # 0.

Video: Brunei Math Club, Why every covariance matrix is positive semidefinite.
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|
Homogeneity and sign along rays

Scaling a quadratic form

For Q(x) = x"Ax and any scalar \ € R,
Q) = (M) TA(X) = A2 TAx = X2Q(x).

Thus Q is homogeneous of degree two; in particular, Q(0) = 0 and Q(—x) = Q(x). If
x#0and X #0, then A2 > 0, so

sign Q(A\x) = sign Q(x).

On each line through the origin, Q is positive away from the origin, negative away
from the origin, or identically zero.

Further reading: Boyd and Vandenberghe, quadratic-form slides.
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Geometry: an indefinite quadratic form

For
Q(x1,x2) = x1(X1 — 4x2),

the zero directions are x; = 0 and x; = 4x,. X | x,=0 Q<0
Moreover, 050 Q(1,1)=-3
[ )

Q(1,00=1>0, Q(1,1)=-3<0. |

Q(1,0)=1

The zero lines separate positive and
. . . . _4

negative directional sectors, so Q is M = e

indefinite. Q<0

Definiteness concerns the sign across all Each open sector has a constant sign.
directions, not the value at one vector.
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Geometry of quadratic forms

T [
N
= > /\) 7
Poﬁs D?NH)E POSITIVE SEMIDEFINITE INDEFINITE
Q= x2 +x2: a bowl, Q > 0 off the Q =xj:atrough, Q = 0 on the line Q =x? —x3:asaddle,Q=0o0n
T2 ' x1 = 0 (red). X1 = 4, (red),

= —
‘ Definite: Q # 0in every
NEGATIVE SEMIDEFINITE B IRl
NEGATIVE DEFINITE Q= —x2:aridge, Q= 0onx; =0 .Se'mldeflmte but not C!ef-
Q = —x? — x2: the bowl turned over. L (red). inite: Q has one weak sign
and vanishes along some
nonzero directions (red); this
is the “semi”.
Indefinite: Q takes both
signs.
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Examples of definiteness

NEGATIVE DEFINITE
POSITIVE DEFINITE

_ -1 0 T . 2 5
A:lé ﬂ, xTAx =2x3 +x3 >0 C—lo _2], X Ox=-—x7—2x5<0
for every x # 0. for every x # 0.

POSITIVE SEMIDEFINITE

INDEFINITE

D= [2) _01] . X'Dx=x?-x3.

B:“ ” x"Bx = (x1 +x2)> > 0.

It is positive at (1,0)T and negative at

— (1 _1\T TRy —
Butforx=(1,-1)",x"Bx =0. (0.1)7.
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Definiteness and eigenvalues

LetA=AT. Its eigenvalues are real, and their signs give an equivalent definiteness test:
Eigenvalue sign test.

A positive definite ) > 0 for every i,

& N(A
A positive semidefinite < X;(A) > 0 for every /,
A negative definite < )(A) < Oforevery i,
A negative semidefinite < X

A) < 0 for every .

A symmetric matrix is indefinite exactly when it has at least one positive and at least one negative
eigenvalue. Eigenvalues and principal-minor tests are alternative ways to determine the same sign
structure.

Further reading: Boyd and Vandenberghe, quadratic-form slides.
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https://web.stanford.edu/~boyd/cvxbook/bv_cvxslides.pdf

|
Principal submatrices and principal minors

Let Abe ann x nmatrixand let/ C {1,...,n} contain k indices.
Principal submatrix of order k. A[/,/] WORKED INDEX SET: / = {1,3}
keeps the rows indexed by / and the 4 1 2
same columns indexed by /. A=1[1 3 0| = AllL]= [‘21 E] ,
Principal minor of order k. 2 0 5
M, := detAll, 1], one for each of the (}) S0 My 33 = 20 —4 = 16: row 2 and column
index sets. 2 are removed together.

A leading principal submatrix uses
I = {1,...,k}, with determinant
Dy = detA[l, ]].
For n = 3 the index sets are {1},{2},{3}; {1,2},{1,3},{2,3}; {1,2,3}: seven principal minors, of which D1, D5, D3
are leading. An n x n matrix has 2" — 1 principal minors and n leading ones.

Video: The Complete Guide, Sylvester’s criterion, on the leading minors Dy.
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https://www.youtube.com/watch?v=uOpq-CfWMLc

. secondordercharacterizations |
Definiteness via minors

LetA=AT, let D, be its leading principal minors, and let M, = det A[/, /].

Definite: n leading minors. Semidefinite: all principal minors.
A-0 < Dy>0 (k=1,...,n), A0 & M>0 (I#£9),
A<0 & (=1Dy>0 (k=1,...,n). A<0 = (=N'M>0 (1+#92).
Strict sign + leading minors tests definiteness;

weak sign + every principal minor tests semidefiniteness.
For negative semidefiniteness, odd-order principal minors are nonpositive,
even-order principal minors are nonnegative, and zeros are allowed.
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Leading minors do not test semidefiniteness

When zeros appear in the leading sequence, a wrongly signed principal minor can sit on an omitted index set.

LEADING MINORS LOOK ADMISSIBLE The omitted index set / = {1,3}.
1.0 2 1 2
A:|:O 0 O:|7 A[/7l]:|:2 j|7 M{‘|y3}:2—4:—2<0.
2 0 2 Positive semidefiniteness requires every principal

Dy=1>0, D, =0, D3=detA=0, minor to be nonnegative, so this one minor rules it
out.

THE SAME FAILURE IN x " Ax

With Q(x) = x2 + 4xyx3 + 2x2,Q(1,0,1) =7 > 0
and Q(1,0,—1) = —1 < 0, so Ais indefinite: the
omitted minor and the two directions detect one
sign failure.

so every leading principal minor is
nonnegative.

Video: Arizona Math Camp, Lecture 29(C): quadratic forms: determinant conditions for definiteness.
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https://www.youtube.com/watch?v=cBqAYCJHcrw

. secondordercharacterizatins
The 2 x 2 case

detA< O A indefinite
A {an au] detA>0, a1 >0 A=0
012 022 detA>0, a1 <0 A<0
detA>0,011>0,0,,>0A>0
detA = ar102 — 0. detA>0, 011 <0, 05, <0A=<0

The definite rows need only a,1, because detA > 0 forces 0110, > G%z > 0, so the two
diagonal entries carry the same strict sign. That implication disappears at detA = 0, so the
semidefinite rows check both diagonal entries, which are the principal minors of order one.
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. secondordercharacterizatins
The 3 x 3 case

For a symmetric matrix the leading principal minors are

Di=a
Gy O12 013 1 "

A= a1 0 03],
ai3 023 033

a1 d12

D, = det
di2 0

‘| R D3 = detA.
Hence Sylvester's criterion specializes to
A-0 < Dy>0,D,>0, D3>0,

A<0 < Dy<0,D,>0,D3<0.

Definiteness also fixes the sign of the other four principal minors: if A >~ 0 all seven are
positive, and if A < 0 each minor of order k has sign (—1). Testing A still takes only the three
leading minors D¢, D,, D3; the remaining four follow.
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Portfolio risk matrix

From X~ > 0 to ~ >~ O for one covariance matrix

Variance already gives X = 0 for every covariance matrix; the minors settle the strict case for

a given one. For three asset returns with

4 10
s=1[1 3 1/,
01 2
LEADING PRINCIPAL MINORS
4 1
D=4, D,= =11,
oo ot ]

D3 =det¥ = 18.
All positive, so ¥ > 0: every portfolio with
w # 0 carries strictly positive variance.

Brush up (UAB)

w'Iw = Var(w'X) :

THE OTHER FOUR PRINCIPAL MINORS

. . 3 1 4 0
Order 1: 3, 2; 1 2 0 2

All are positive, as ¥ > 0 requires, and none
entered the test above.

order 2: = 8.

‘:5'
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. secondordercharacterizatins
Workflow for definiteness tests

Let A= AT. The minors route proceeds in three steps.

1. LEADING MINORS 2. ALL PRINCIPAL 3. CLASSIFY A weak
Match MINORs If Step 1 fails, sign pattern gives
test A=00rA=<0.
LEREEREE M >0 Vi If neither holds, A is
or = = = indefinite. Two
S vectors giving
=2k = 0000 opposite signs certify
(-N'"m; >0 wvI. this directly.

If one matches, A is
definite.

Eigenvalues provide a one-pass alternative: their signs classify every symmetric matrix directly.
The Hessian criterion on the next page turns this matrix classification into a convexity or concavity
classification.

Brush up (UAB) September 2026 98/139



-
Definiteness from principal minors

Classify each symmetric matrix using principal minors:

o B S B

For each matrix, state whether the test above settles the answer. If it does not, inspect all
principal minors or exhibit vectors with quadratic forms of opposite signs.
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Definiteness from principal minors

MATRIX A MATRIX B Its leading
determinant is zero. All
principal minors are 1, 1,0,
soB >0, but B £ 0.

D1=2>07 D2:3>0.

Thus A >~ 0.

MATRIXCD, =1-4=-3<0.
Also e]Ce; = 1 > 0, while
(1,-1)Cc(1,-1)" = =2 < 0. Thus
C is indefinite.
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. secondordercharacterizatins
Second-order test in R”

Let S C R” be open and convex, and let f : S — R be twice continuously differentiable.

NECESSARY AND SUFFICIENT <

fconvexonS & He(x) =0 foreveryxes,

fconcaveon S < Hs(x) <0 foreveryxesS.

SUFFICIENT ONLY =
H¢(x) > 0 for every x € S = f strictly convex on S,

Hg(x) < O for every x € S = f strictly concave on S.
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Hessian test

STRICTLY cONVEX Let f(X,y) = x? +xy + y2. Then

Hy =

2 1
1 2]

Leading minors are

D1=2>O, D,=4-1=3>0.

Hence Hy is positive definite.

STRICTLY CONCAVE Let g(X,¥) = InX +Iny On

R2,.Then

EV A
Hg_[ 0 —1/y2]'

Forv # 0,

2 2

V3

v
VIHgy = -1 — -2 < 0.

X2 y2

Video: MIT OpenCourseWare, Positive Definite Matrices and Minima.
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https://www.youtube.com/watch?v=vF7eyJ2g3kU

|
Classifying functions with Hessians

Compute the gradient and Hessian, then classify each function on its full Euclidean
domain:
o) =x+y%  gxy,2)=3x +y* - 2xy + €.
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|
Classifying functions with Hessians

GRADIENTS, HESSIANS, AND CLASSIFICATIONS
For the second,

For the first function, 6x — 2y
2 Vg(xvyvz): 2)/—2)( )
vy = [ ¢
) 2y )
6 0 6 -2 0
He(x,y) = [8( 2] . Hg(x,y,z2)=1-2 2 0
0 0 ¢

Its sign changes with x, so f is neither

2 Its leading principal minors are 6, 8, and 8¢?,
convex nor concave on R4,

all positive. Thus Hg is positive definite and g
is strictly convex on R3,
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A quadratic lower contour set

Let

21 T
- |:1 2:|7 q(X)_X AX7

and define

C={xeR*:qx)<1}, D={xeR*:q(x)>1}.

Compute Vg and Hg; show that g is strictly convex; prove that C is convex; and determine

whether D is convex.

Brush up (UAB)
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A quadratic lower contour set

SinceA=AT,

4 2
Vq(x) = 2Ax, Hqg =2A= [2 4].

The leading principal minors are 4 and 12, so Hy > 0 and q is strictly convex. If x,y € C and
0<A<LT,

g+ (1= 2)y) < AqX) + (1= N)gW) <1,
so Cis convex. The set D is not convex: (1,0),(—1,0) € D, but their midpointis 0 and
q(0)=0<1.
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. secondordercharacterizatins
A Hessian with rank one

Let

1 T
a= X) = e’ X =12,
l_z (%9
Use the chain rule to compute Vf and Hy. Prove from the quadratic form v He(x)v
that f is convex on R2. Is f strictly convex on R??
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. secondordercharacterizatins
A Hessian with rank one

The chain rule gives
Vf(X) _ e(tl"'xa7 Hf(X) _ eaTxaaT _ eX1—2X2 |: 1 —2:| .

Hence, for every v € R?,
-
v He(x)v = e *(a"v)*> >0,

so f is convex. It is not strictly convex on R?: for x = (0,0)andy = (2,1),a'x =a'y = 0, and
therefore

foo =fo =f(*5X) =1.
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|
One property, several equivalent views

Let S C R" be open and convex and let f : S — R be twice continuously differentiable.

Equivalent statements for convexity. Each statement is equivalent to f being
convex:

¢ f satisfies the chord inequality f(Ax + (1 — A)y) < M (x) + (1 = Nf ().

¢ fly) > fX)+VF(x)T(y —x) forall x,y € S.
¢ Hs(x) = OforeveryxesS.

The list characterizes the weak property. A positive definite Hessian everywhere gives a one-way test
for strict convexity.
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|
One property, several equivalent views

Let S C R" be open and convex and let f : S — R be twice continuously differentiable.

Equivalent statements for concavity. Each statement is equivalent to f being
concave:

¢ [ satisfies the reversed chord inequality f(Ax + (1 — A)y) > M (X) + (1 = Nf(y).

¢ fly) <fX)+VF(x)T(y —x) forall x,y € S.
¢ Hs(x) <0 foreveryxes.

The list characterizes the weak property. A negative definite Hessian everywhere gives a one-way test
for strict concavity.
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Two further equivalent views

Epigraphs and subgradients in the same list

With S and f as on the preceding pages, convexity of f is also equivalent to each of
¢ epif ={(x,t): t > f(x)} is a convex set;

¢ fX)=1{g:fly) >f(xX)+&"(y —x) Vy € S} # @ for every x € S.

Concavity of f is equivalent to each of

¢ hypof = {(x,t) : t < f(x)} is a convex set;

¢ fX)={g:fy) <f(X)+&"(y —x)Vy € S} # @ forevery x € S.
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Section 5

Quasiconvexity & quasiconcavity

Brush up (UAB)



. Quaskonvexiy&quasiconcavty
Definitions & contour-set link

Let S C R" be convexandf :S — R. ForalevelceR,

U(©) = (xeS:f) > ¢}, L(c)={xeS:f(x) <,

the upper and lower contour sets. The level set from the Functions section is their intersection,
x:fx)=c} = Ur(€) N Lg(0).

Quasiconvex. f(Ax+(1—A)y) < max{f(x),f(y)} forallx,y € Sand X € [0, 1]; equivalently, every
lower contour set L¢(¢) is convex.

Quasiconcave. f(Ax+ (1 — A)y) > min{f(x),f(y)} forallx,y € Sand X € [0, 1]; equivalently,
every upper contour set Ug(c) is convex.

Videos: EZ Economics, Understanding quasiconcave and quasiconvex functions; Arizona Math Camp, Upper and lower
contour sets and quasiconcavity (from 16:55).
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https://www.youtube.com/watch?v=X7Oi-fyM_aU
https://youtu.be/MyaeAZEi-iE?t=1015
https://youtu.be/MyaeAZEi-iE?t=1015

S ey qusionaiy
Convexity versus quasiconvexity

f convex = f quasiconvex « L¢(c) convex for every c,

f concave = f quasiconcave < Us(c) convex for every c.

The first arrow runs one way; the second is an equivalence.

THE IMPLICATION IN ONE LINE WHAT EACH SIDE ASKS OF THE GRAPH

If f is convex, then Convexity constrains the whole graph:
FOX+ (1 =X)y) < M)+ (1 =XfW), every chord lies above it, and every lower
and a weighted average is at most the contour set is then convex. Quasiconvex-
maximum, so the right side is at most ity asks only that each horizontal slice
max{f(x),f(y)}. Reversing the inequalities L¢(c) be convex, so it can hold where con-
gives the concave case with min. vexity fails.
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e —— e R L
Sign reversal and contour sets

Let S C R" be convex and let f : S — R. Prove directly from contour sets that
fisquasiconvex <= —fis quasiconcave.

State the symmetric result obtained by interchanging “quasiconvex” and “quasicon-
cave.”

Brush up (UAB) September 2026 1157139



e —— e R L
Sign reversal and contour sets

For every c € R,

Up(€) = {x - ~f(x) > ¢} = {x: f(x) < ~} = Ly(~c).

Therefore every lower contour set of f is convex if and only if every upper contour
set of —f is convex. Hence

f quasiconvex <= —f quasiconcave.

Replacing f by —f gives the mirror statement

f quasiconcave < —f quasiconvex.

This is the quasiconvex/quasiconcave analogue of f convex <= —f concave.
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S b
Quasiconcave but not concave

Let u(x,y) = xy onR2 . If ¢ <0, then Uy(c) = R2, which is
convex. If ¢ > 0,

Uu(€) ={(x.¥) : xy = ¢} ={(x.¥) : y = ¢/x, x> O}.
Hy =

0 1
10
The Hessian is

indefinite, so u is not
concave.

Since d?(c/x)/dx? = 2¢/x® > 0 for x > 0, the function ¢/x is
convex, so g(x,y) = ¢/x —y is convex on R;; x R (a convex
function of x plus a linear one). Thus

Uu(c) = Lg(0) N (R4 x R) is a lower contour set of a convex
function intersected with a convex set, hence convex.
Every upper contour set of u is convex, and therefore u is
quasiconcave.
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. Cuasiconvexiy8quasiconcaviyy |
Two-dimensional contour sets

On S =R?, classify each function as quasiconvex, quasiconcave, both, or neither:

X
ux.y) =xy, v(x,y) = y

Use contour sets. For every negative or zero level, first identify whether the contour
set at that level is empty or all of S; for positive levels, write the contour set as an
inequality in x and y.
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. Cuasiconvexiy8quasiconcaviyy |
Two-dimensional contour sets

For u(x,y) = xy, every upper contour set is convex, as shown on the preceding example page, so u is
quasiconcave. Quasiconvexity fails: at level ¢ = 4,

1

(1,4),(4,1) € Lu(4), 5(1,4)—}—%(4,1): (;%),

but (5/2)(5/2) = 25/4 > 4, so the midpoint lies outside L, (4).
Forv(x,y) =x/y > 0,if c <0, then L,(c) = @ and Uy(c) = S. If ¢ > 0,

L(O={()) €S:x< g}, U0 ={(xy) €S: x> ).

Each is the intersection of S with a half-space, hence convex. Therefore v is both quasiconvex and quasicon-
cave.
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S b
Quasiconvex but not convex

A forecaster incurs a loss based on the £(x)
signed forecast error x € R: £(x) = /x|
The loss increases with the absolute error,
but at a decreasing rate. For ¢ > 0, its
lower contour sets are intervals,

{x:4(x) < ¢} =[~c? c?; forc <0, they are
empty. Hence ¢ is quasiconvex. The chord
joining (0, ¢£(0)) and (1,¢(1)) settles the I
other half: at its midpoint

6(1 /2) = 1/\@ > 1/2 = [K(O) + £(1 )]/2: SO Red level line: the lower contour set is an interval. Green
the graph rises above the chord and
convexity fails.

o
2

chord: at x = 1 the graph sits % — 1 above it (the short

vertical segment).
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Three functions that test the definition

Figure 5 - The bar under each axis is the upper contour set at the level drawn.

f(x) = x3. Each upper contour set
is a half-line, so f is quasiconcave,
and so is —f. Yet f”/(x) = 6x changes
sign, so f is neither concave nor
convex.

c=33 o
T2 o—o
_____ 16— 777

— 1

f(x) = [x]. The definition asks
nothing about continuity: this step
function is quasiconcave and qua-
siconvex while jumping at every
integer.

/

1

‘I,,
=0
/]

c

fx) = x> — x.Now

Ur(0) = [-1,0] U [1, 00) falls into
two pieces, so f is not quasiconcave,
though it adds the quasiconcave x3
to the linear —x.

gap

The step function is Example 3.29 of Boyd and Vandenberghe. The right panel is where quasiconcavity parts company
with concavity: a sum of concave functions stays concave, a sum of quasiconcave functions need not stay

quasiconcave.

More examples: Econjohn, Quasiconcave and quasiconvex functions: an introduction.
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https://web.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf#page=110
https://youtu.be/rHBQoDE3wCI

S ey qusionaiy
Quasiconvexity and quasiconcavity

For each function below, determine whether it is quasiconvex, quasiconcave, both, or neither
on R:

fx)=¢€. gx)=x,  h(x)=—x|.

Justify every answer using upper or lower contour sets. Do not use a Hessian test.
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Quasiconvexity and quasiconcavity

e* is strictly increasing. Its upper and lower contour sets are half-lines, so it is both quasiconvex and
quasiconcave.

The lower contour sets of x2 are intervals [—+/c, v/c] for ¢ > 0, so x? is quasiconvex. For ¢ > 0, its upper
contour set is the union of two rays, so it is not quasiconcave.

The upper contour sets of —|x| are intervals [—c, ] after writing the nonempty levels as ¢ > 0 for

—|x| > —c. Hence —|x| is quasiconcave. Its lower contour sets can be two rays, so it is not quasicon-

vex.

Inc —/c N —C ¢
Below each graph, at the dashed level: green marks the lower contour set L, purple the upper contour set U. An interval or
half-line is convex; two rays are not.
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S ey qusionaiy
Convex preferences

Letu: S — R represent a preference relation = ona  Strict quasiconcavity requires, for x # y and

convex set S. Preferences are convex when A€ (0,1),
xX-z,yr-z = M+(1-XANy=z vrxel0,1]. UM+ (1 =X)y) > min{u(x),u(y)}
Since {x :x =z} = {x:u(x) > u(2)}, Under the corresponding strict-convexity
definition for preferences, the strict versions
‘ > Is convex < u is quasiconcave. ‘ are equivalent as well.

Preference convexity is a property of the upper contour sets. Concavity of a utility represen-
tation is stronger: it implies quasiconcavity, while an increasing transformation can change
concavity.

Video: Jochumzen, Convex preferences.
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https://www.youtube.com/watch?v=VrAFpRyvqmE

S ey qusionaiy
Convex preferences and strict quasiconcavity

On S = R?, consider the perfect-complements utility function
U(x1,Xx2) = min{xq, 2x2}.

(a) Describe Uy(c) and use it to show that v is quasiconcave.
(b) What does part (a) imply about the preferences represented by u?
(c) Is u strictly quasiconcave? Give a pair of distinct bundles that settles the question.
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S ey qusionaiy
Convex preferences and strict quasiconcavity

For ¢ <0, Uy(c) = S. For ¢ > 0, min{xq1,2x2} > c holds iff x; > cand x; > ¢/2, so
Us(c)=Sn{x1 > ctn{xx >c/2},

an intersection of convex sets, hence convex. Thus u is quasiconcave, and the preferences it
represents are convex.
Strict quasiconcavity fails. Take x = (2,1) and y = (4, 1). Then u(x) = u(y) = 2, while for every
A€ (0,1),

udx + (1 =A)y) =u(4 —2x1) =2 = min{u(x), u(y)}.

The required strict inequality therefore fails along the whole segment.

Brush up (UAB) September 2026 126/139



Ordinal transformations

Here H, = diag(—1/x%,—1/y?)

Compare, onR? is negative definite, so v is
concave, while H, = [? ] has
ux,y) = xy, v(x,y) =Inx +Iny =Inu(x,y). eigenvalues £1, so u is

indefinite there.

Since In is strictly increasing,
Here u = exp(v) with exp

ux,y) > ux,y) < vixy)>v,y). increasing: an increasing
transformation of a concave
Thus u and v represent the same preferences. function need not be concave.

Quasiconcavity does survive.

Quick check. Let u be quasiconcave and let ¢ be strictly increasing. Show that ¢ o u is quasicon-
cave. Give an example showing that concavity need not be preserved.
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Increasing transformations

For z = tx + (1 — t)y, quasiconcavity gives
u(z) = min{u(x), u(y)}-
Since ¢ is strictly increasing,
P(u(2)) = p(minfu(x), u(y)}) = min{a(u(x)), ¢(u(y))}-

Hence ¢ o u is quasiconcave. For the second claim, take u(x) = x and #(t) = €' onR. The
function u is concave, while (¢ o u)(x) = €* is not concave.
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. Quaskonvexiy&quasiconcavty
First-order characterization

Let S C R" be open and convex and letf : S — R be differentiable.

Quasiconcave iff.
fo)>fx) = Vi)' (y—-x)>0 forallx,yeSs.

At a point x with Vf(x) # 0, the upper contour set Us(f(x)) lies in {y : Vf(x)" (y — x) > 0}, the side of
the tangent hyperplane to the level set into which the gradient points. The concave case in the
first-order section bounds the value itself, f(y) < f(x) + Vf(x) T (y — x).

Quasiconcave = inequality. Fix x, y with f(y) > f(x) and set ¢(t) = f(x + t(y — x)) on [0, 1].
Quasiconcavity gives ¢(t) > min{f(x),f(y)} = ¢(0), so ©'(0) = Vf(x) " (y — x) > 0.

Source: Sydsaeter et al., Further Mathematics for Economic Analysis, 2nd ed., Theorem 2.5.4, which proves this direction;
the converse is on the next page.
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. Cuasiconvexiy8quasiconcaviyy |
First-order characterization: the converse

Inequality = quasiconcave. Suppose the implication holds for all pairs, and take x,y € S
with f(y) > f(x). We show that o(t) = f(x + t(y — x)) > f(x) on [0, 1].

If o(t) < f(x) for somet € (0,1), let t; = max{t € [0,] : p(t) > f(x)}, which exists by
continuity; then o(t;) —f( ) and ¢(t) < f(x) on (t,t]. For such t, write z = x + t(y —X):

¢ f(x) > f(2) gives Vf(2) " (x —2) > 0,and x — z = —t(y — x), s0 ¢/ (t) = Vf(2) )<0;

¢ fy) =fx) > f(z )glvesvf( )'(y—2)=0,andy —z=(1-t)(y - ),SOw()EO.

Hence ¢’ = 0 on (t;, ], so ¢ is constant there, equal to ¢(t) < f(x). Continuity at t; then

forces ¢(t1) = ¢(t) < f(x), contradicting ¢(t1) = f(x). Therefore ¢ > f(x) = min{f(x),f(y)} on
[0, 1], which is quasiconcavity.
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S ey qusionaiy
First-order tests for quasiconcavity and quasiconvexity

(a) Apply the first-order characterization to —f and derive the corresponding differentiable test
for quasiconvexity.

(b) Using only the first-order test, show that f(x1,x2) = x1x; is quasiconcave on R ..
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S ey qusionaiy
First-order tests for quasiconcavity and quasiconvexity

(a) Since f is quasiconvex iff —f is (b) Write x = (a, b) and y = (c, d), with all four coordinates
guasiconcave, apply the quasiconcavity positive, and suppose f(y) > f(x), so cd > ab. Since
criterion to —f: Vf(a,b) = (b,a),

) = () = VA1 ~x) > 0. VF)T(y —x) = b(c — a) + a(d — b) = ab (g + % —2) :

Multiplying the antecedent and the

consequent by —1 gives Putr = c/a and s = d/b, both positive, with

rs = cd/(ab) > 1. The inequality between weighted
arithmetic and geometric means (the exercise in the
second-order section, with weights %) givesr+s > 2./rs > 2.
Hence Vf(x)T (y — x) > 0, and the first-order
characterization proves that x; x; is quasiconcave on R‘ZF‘F'

f) <fx) = Vf(x)"(y —x) < 0.
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. Quaskonvexiy&quasiconcavty
Bordered Hessian test in two variables

A determinant criterion for quasiconcavity

Let S C R? be open and convex and f : S — R twice continuously differentiable. Border the Hessian with
the gradient:

0 fi £
By(x) =det |fi fi1 fi2| = 2fifof12 — fifo2 — fafur-
2 fa fa

Necessary. Iffis quasiconcave on S, then B,(x) > 0 for every x € S.

Sufficient. If B,(x) > 0 for every x € S, then f is strictly quasiconcave on S.

Source: Sydseeter et al., Further Mathematics for Economic Analysis, 2nd ed., Theorem 2.5.5; their sufficient
condition also assumes f; # 0, which the proof on the next pages does without.
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S ey qusionaiy
Bordered Hessian test: proof

Restrict to a line tangent to the level curve

Both parts use ¢(t) = f(p + tv) for a point p € S and a direction v # 0 with Vf(p) Tv = 0; then ¢/(0) = 0
and ¢”/(0) = vTHf(p)v. In the plane such a v is a multiple of (—f2(p), f1(p)) whenever Vf(p) # O, so
©"(0) = —c?B;(p) for some ¢ # 0.

Necessary. If Vf(p) = 0, then B,(p) = 0. Otherwise suppose B;(p) < 0, so ¢’’(0) > 0. By Taylor's theorem
»(t) > ¢(0) for all small t # 0: both p + tv and p — tv have values above f(p), while quasiconcavity at their
midpoint p gives f(p) > min{f(p + tv),f(p — tv)} > f(p), a contradiction. Hence B,(p) > 0.
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S ey qusionaiy
Bordered Hessian test: proof of sufficiency

A minimum on the segment would be a tangential minimum

Sufficient. Suppose B, > 0 on S butf is not strictly quasiconcave: there are x # y and A € (0, 1) with
fOX+ (1= XA)y) <min{f(x),f(¥)}. Then ¢(t) = f(x + t(y — x)) has a value at A that is at most both endpoint
values, so it attains its minimum over [0, 1] at some t; € (0, 1), where +’(to) = 0and () > 0. Put
p=x+to(y —x) and v =y —x # 0. Since B, vanishes wherever the gradient does, B,(p) > 0 gives Vf(p) # 0,
and ¢/ (ty) = Vf(p)Tv = 0 makes v tangent to the level curve, so " (ty) = VTHf(p)V = —c?By(p) < O,
contradicting "’ (tp) > 0. Hence f is strictly quasiconcave.
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S ey qusionaiy
Cobb-Douglas utility

Strictly quasiconcave for every pair of positive exponents

Let u(x1,x2) = x?x5 on R2, with a, 8 > 0. Then

au u ala—1)u —1u afu

Uy = —, U= *ﬁ , U= 7( ) , U= LB ) > Uz_iﬁ
2

X1 X2 X3

x3 X1X2
Substituting into B, = 2uq U1, — U3Uz, — U3uyq and collecting u3/(x1x2)?,

u3

_ af(a+pB)ud
(x1x2)?

(x1x2)?

B> [2628° - ?B(B—1) — af’(a—1)] = >0,

so u is strictly quasiconcave foralla, 3 > 0. Concavity is a different matter:

detHy = unun — U3, = aB(1 — a — B)u?/(x1x2)? is negative when o + 8 > 1; the Hessian is
then indefinite (the case a« = B = 1 is on the ordinal transformations page), so u is quasiconcave but
neither concave nor convex. Source: Sydsaeter et al., Further Mathematics for Economic Analysis, 2nd ed.,
82.5, the example after Theorem 2.5.5.
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S ey qusionaiy
Bordered Hessian versus the ordinary Hessian

Strict quasiconcavity without concavity

OnS=R2_, let
fx1,x2) = X1+ X2 + X1X2.
(a) Compute the ordinary Hessian and decide whether f is convex or concave.
(b) Compute the bordered determinant B, and use it to classify the quasiconcavity of
f.

(c) Explain in one sentence why the two answers are compatible.
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S ey qusionaiy
Bordered Hessian versus the ordinary Hessian

Different curvature requirements

The derivatives are

0 1
fi=1+x, f=1+x, Hf:|:1 O]'

The Hessian has eigenvalues 1 and —1, so it is indefinite everywhere; hence f is neither convex nor con-
cave on the open convex set S.

For the bordered determinant,

By = 2fifof12 — fifoo — f3fin = 2(1 +x2)(1 +x1) > O

everywhere on S. The sufficient bordered-Hessian test therefore makes f strictly quasiconcave.
The two answers are compatible: concavity controls the curvature of f in every direction, whereas quasi-

concavity requires convex upper contour sets and only restricts curvature in directions tangent to a level
set.
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Bordered Hessians in n variables

Alternating signs of the leading bordered minors

Let S C R” be open and convex and f : S — R twice continuously differentiable. Forr =1,... ,nlet

0 fi - f

fi f - fir

Br(X) = det . . .
r fnoo S

¢ Iffis quasiconcave on S, then (—1)"B/(x) > Oforallxe Sandr=1,...,n.
¢ If(=1)Br(x) >0forallx e Sandr =1,...,n, then f is strictly quasiconcave on S.
Forr =1, (—1)B; = f2, so the strict condition requires f; # 0 on S; for n = 2 the condition with r = 2 is
B, > 0, the test of the previous pages.
Sources: Sydsaeter et al., Further Mathematics for Economic Analysis, 2nd ed., Thm 2.5.6; Arrow and En-
thoven (1961), Econometrica 29, 779-800.
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